Abstract. Let K be a field of characteristic = 2 such that every finite separable extension of K is cyclic. Let A be an abelian variety over K. If K is infinite, then A(K) is Zariski-dense in A. If K is not locally finite, the rank of A over K is infinite.
In [12] , the second author asked for an unconditional version of this theorem.
The problem remains open for n > 1.
As a consequence of Theorem 1.3, we also can prove the following generalization of Theorem 1.4, which answers in the affirmative Questions 1.1-1. We remark that prior to this paper, substantial progress was made on the dim A = 1 case of Theorem 1.3 using Heegner point methods. In particular, the first-named author settled the case of elliptic curves over Q [9] . This was extended to cover many cases over totally real fields and function fields of odd characteristic [3] .
The approach of this paper is completely different. The basic strategy was worked out in the dim A = 1 case in [7] , improving on the ad hoc methods of [12] . In rough terms, it goes as follows. Let σ denote a topological generator of Gal (K sep /K). Let n be an even integer and Y an algebraic curve over K which is a Galois A n -extension of P 1 . Suppose there exists a nonconstant K-morphism f : Y/A n−1 → A. A point c ∈ P 1 (K) which is not in the branch locus of the quotient map lifts to a σ-stable A n -orbit in Y(K sep ); that is, σ acts on the nelement set f −1 (x) = {x 1 , . . . , x n } by an even permutation. Fixing x ∈ f −1 (c) with σ-orbit length m, the set
is a proper subset of f −1 (c), since an n-cycle is an odd permutation. The sum
gives a point in A(K).
The fact that the σ-orbit of x is not the whole fiber {x 1 , . . . , x n } is important because the sum
is constant as a function of c. By contrast, the substance of Proposition 3.1 is that the expression (1) varies with c. When K contains a Hilbertian subfield over which A can be defined, these points generate a subgroup of A(K) of infinite rank.
The above sketch is actually an oversimplification. In reality, we do not know how to find the desired curve Y and morphism f over K; instead, we make a separable extension of scalars in order to find the requisite geometric data and then use what amounts to a restriction of scalars argument to control the traces of the resulting points.
Even over a separably closed field it is not trivial to find Y. The crucial ingredient is the following result, which may be of independent interest. THEOREM 2.1. Let X be a nonsingular projective curve of positive genus defined over a separably closed field F of characteristic = 2. Then there exists an arbitrarily large prime integer q and a separable map h: X → P 1 of degree 2q defined over F such that h has monodromy group S 2q and the discriminant of h has a zero or pole of odd order only at 0 and ∞. In particular, the splitting field of the extension of function fields defined by h has Galois group S 2q , and its field of A 2q -invariants is of genus 0. This paper contains three substantial improvements over [7] . The first is to work with general abelian varieties rather than elliptic curves. This means, in effect, that we must find rational curves on varieties of the form A n /A n . We do it by choosing X ⊂ A and using Theorem 2.1 to find rational curves on X n /A n . The second is to treat the case of finite (odd) characteristic together with the characteristic zero case. This requires an analysis of wild ramification, which in turn depends on some harder group theory. The third is the introduction of a trace argument, which frees us from the difficulty of finding K-rational data.
(This difficulty led to extra hypotheses and additional work in [12] , [7] , and [8] .) This third improvement was facilitated by the shift in viewpoint from fields of the form (K sep 0 ) σ (where K 0 is Hilbertian) to abstract cyclic fields K-at the one point where Hilbert irreducibility is used (and it is now used in a very weak form), we pass to a finitely generated subfield.
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Constructing
A n -extensions. Throughout this section, we work over a separably closed field F of characteristic p ≥ 0, p = 2. As F is separable, every variety over F has at least one F-point.
The main theorem of this section is the following: 
defined over F, where Y is a nonsingular projective curve, f is a nonconstant map, and n = 2q for some prime q.
Proof. Let A be a nontrivial abelian variety over F. We recall that Bertini's theorem [6, II 8.18 ] asserts that for every nonsingular closed subvariety
, is open and dense in the dual projective space (i.e., the space of all hyperplanes) of P N . As F is separably closed, U V (F) is nonempty. By induction, there exists a nonsingular projective curve X ⊂ A defined over F. The genus of X is positive because there are no rational curves on an abelian variety (since any map from P 1 to an abelian variety must factor through the Jacobian of P 1 and must therefore be constant).
Let Y/F denote the projective nonsingular curve whose function field is the splitting field of the extension of function fields defined by h, the map given by Theorem 2. 
All that remains to check is that Y/A n is of genus 0. However, Y/A n is a double cover of Y/S n = P 1 obtained by taking the square root of the discriminant of h. As this discriminant has a zero or pole of odd order only at 0 and ∞, Y/A n → Y/S n = P 1 is ramified only at 0 and ∞. As p = 2, this implies Y/A n is of genus 0, hence birationally equivalent to P 1 .
Let X ⊂ A be a nonsingular curve as above. Translating if necessary, we may assume the identity 0 lies on X. Let g > 0 denote the genus of X. We choose once and for all a point
is not a 2-torsion class in Pic X; otherwise, there exist finitely many nontrivial involutions of X and we assume that x 1 is not fixed by any of them. Let
Let k > 2g be an integer. The group of F-rational points on the Jacobian variety of X is 2q 0 -divisible since p does not divide 2q 0 . Therefore, by Riemann-Roch, there exists an effective divisor D of degree k such that
is in the canonical divisor class. We assume that
is a sum of k distinct points in X(F) \ {0, x 1 }. This can always be arranged:
. Every divisor class of degree k > 2g in X defined over F contains an effective divisor which is the sum of k distinct points in X(F)
Proof. By Riemann-Roch, the fibers of the summation map X k → Pic X are all of dimension k − g. It therefore suffices to show that the fibers of the maps f , g u :
This is so in each case because for each fixed value of x 1 , the map on the remaining k − 2 variables is a translate of (t 2 , . . . , t k−1 ) → t 2 + · · · + t k−1 and therefore has all fibers isomorphic to a projective space of dimension k − 2 − g by Riemann-Roch.
The following proposition allows us, for certain arbitrarily large prime numbers q, to construct a meromorphic function h of degree 2q on X for which we have good control over local monodromy. This means that we want to control the orders of zeroes of the function h − c for all constants c. We achieve this by specifying the divisor of the meromorphic 1-form dh. . The number of such pairs grows like a positive constant times M 3/2 / log M. We fix one. Thus (i) is satisfied, and q, defined by (ii), is prime. Next we choose D satisfying (iii) so that the divisor (4) is canonical. We can then choose a meromorphic 1-form ω satisfying (vi). In order to find h satisfying (iv) and (vii), we consider the map j → j 2p 0 ω sending
We also consider the exterior derivative
This makes sense because derivative increases the degree of any pole by 1 and does not introduce new poles. The kernel of d is 1-dimensional, so by RiemannRoch, the image of d is of codimension ≤ 2g. (For example, if F = C, the image consists of the meromorphic differential forms, holomorphic except for a pole of order at most 2q + 1 at 0, for which the period integrals are all zero.) The condition on j that Proof. Let K P 1 and L X denote the function fields of P 1 and X respectively, and let K sep P 1 denote a separable closure of the former. As deg h is not divisible by p, it follows that L X is separable over
For each point c ∈ P 1 (F), we let K c denote the completion of K P 1 at c, and we fix a separable closure K sep c and an embedding ι:
, then the usual prime decomposition theory for Dedekind domains gives For any point c, we define I c to be the decomposition group of c in Gal (M/K P 1 ) ⊂ S 2q , i.e., the image under the composition of ι and Gal (K sep
Note that as F is separably closed, there is no distinction between decomposition group and inertia group. If W c denotes the wild ramification group of c, then W c is a p-group (i.e., trivial if p = 0) which is normal in I c , and such that I c /W c is cyclic. We have seen that I c acts transitively on each b c,i -element ∼ c -equivalence class of E.
Every orbit of a p-group is of p 0 -power order, so if G is a group acting transitively on a set of prime-to-p 0 order, a p-group normal in G must be trivial. By hypotheses (a)-(c), no b c,i is divisible by p, so W c is trivial for all c ∈ P 1 (F).
Thus, I c is cyclic and any generator acts on E by a permutation consisting of cycles of lengths b c,i .
Next we assert that the action of Gal (M/K P 1 ) on E is primitive. If not, it must respect a partition into two q-element subsets or a partition into q pairs, corresponding to the cases that h factors as a composition X → X → P 1 where X → P 1 has degree 2 or q respectively. The first is impossible because elements of type (b) and (c) can respect such a partition only by fixing each q-element subset, in which case X → P 1 would be a double cover ramified only over ∞, which is impossible in characteristic p = 2.
For the second, let E denote the set of K P 1 -embeddings of L X in K sep P 1 , so each of the q elements of E extends to a pair of elements of E. If σ is a permutation of {1, 2, . . . , 2q} which fixes the set of pairs {{1, q + 1}, {2, q + 2}, . . . , {q, 2q}}, σ is the image of σ in S q , and i,
σ determines a permutation on the set
which is either a single 2k-cycle or a pair of k-cycles. If σ is a generator of inertia at c acting on E, then σ is the same generator acting on E ; a σ -orbit corresponds to a point x ∈ X lying over c. The restriction of σ to (6) consists of one cycle for each x lying over x , so it consists of two k-cycles if and only if X → X is unramified at x . It follows that an E-orbit whose order is different from that of any other E-orbit must be associated to the case that X → X is ramified at x . Applying this with hypotheses (a) and (b), we see that 0 and x 1 both lie over ramification points of the double cover X → X and they are therefore fixed points of the corresponding involution, contrary to hypothesis (d).
By (b), Gal (M/K P 1 ) contains a nonidentity element, a suitable odd power of a generator of I 0 , which fixes a subset of E whose complement has order ≤ a 1 ≤ ( √ 2q − 1)/2. By a theorem of L. Babai [1] , for q 0, this implies
The last preliminary result we need relates the multiplicities b c,i of D c to the order of the disciminant of h at c.
LEMMA 2.7. Let f (x) denote a polynomial with coefficients in the field K of Laurent series over F. Suppose f
(x) = f 1 (x) · · · f k (x
) is a decomposition into irreducible factors and deg f i is odd and not divisible by the characteristic of F for all i. Then the disciminant of f (x) is the product of a unit in F[[t]] and a square in K.
Proof. The discriminant of f is the product of the discriminants of the f i and the squares of resolvents R( f i , f j ). Thus it suffices to consider the case that f is irreducible. Let L : [14, III Prop. 13] , the former is one less than the ramification degree, i.e., deg ( f ) − 1, which by hypothesis is even.
Finally, we can prove Theorem 2.1.
Proof. We apply Proposition 2.4, choosing N to be the absolute constant of Proposition 2.6. We apply Proposition 2.6 to the resulting function h with 0, x 1 ∈ X defined as above. Condition (a) of Proposition 2.6 holds because of (iv). Condition (b) holds because of (i) and Corollary 2.5. Condition (c) holds because of Corollary 2.5, and condition (d) holds by the choice of x 1 . This shows that the monodromy of h is S n , with n = 2q. Lemma 2.7 shows that for any point c ∈ P 1 (F) \ {0, ∞} the order of the disciminant of h at c is even.
3. The Density Theorem. Let F be a separably closed field, Y a projective curve over F, G a finite group of automorphisms of Y, and H a subgroup of G of index n. Let X := Y/H and Z = Y/G. We fix a fiber of X → Z away from the branch locus, so G acts faithfully on the fiber, which consists of n points. Labeling these points by integers 1 to n, we obtain an inclusion homomorphism G → S n . This homomorphism is well defined up to conjugation, independent of the labeling or the choice of fiber. 
is nonconstant.
Proof. As the cosets are pairwise distinct, if y belongs to an unramified fiber of X → Z, then the elements x i := ψ(γ i ( y)) are pairwise distinct points of X lying in the same fiber {x 1 , . . . , x n }. If m < k ≤ n, there exists τ ∈ G such that τ fixes x 2 , . . . , x m and sends x 1 to x k . If (7) is constant, then comparing the images of y and τ ( y), we have f (x 1 ) = f (x k ). Thus, f is constant on fibers, which means mf is constant on X. This implies f is constant on X. We can now prove Theorem 1.2.
Proof. Without loss of generality, we may and do assume that A is simple over K. If A(K) is not dense in A, it must therefore be finite. We fix a prime q such that Corollary 2.2 applies, and let n = 2q. Thus we obtain a diagram of type (2) defined over K sep . Let L ⊂ K sep denote a finitely generated K-subfield over which (2) can be defined. As K is cyclic, L is a finite cyclic extension. Let 
and let
denote Galois conjugates of the morphisms f and φ respectively. Clearly
is a σ-invariant element of A(K sep ) and is therefore an element of A(K). We claim that for every finite subgroup H ⊂ A(K), there exist c and x 0 such that the expression in (8) is not in H. To prove this we observe that the right hand side of (8) (9) is not in H. This is an immediate consequence of Corollary 3.2.
The Infinite Rank Theorem.
In this section, we assume that K is not algebraic over any finite field. This implies that K contains a subfield K 0 with the same property which is finitely generated over a prime field and such that A is obtained by extension of scalars from an abelian variety A K 0 defined over K 0 . Such a field K 0 is Hilbertian [11, Chap. 9, Th. 4.2] . We use only the following, weak consequence of this fact, which follows from [11, Chap. 9, Prop. 3.3] : For every finite extension L 0 of K 0 , there exists a (Z/2Z) 2 -extension of K 0 which is linearly disjoint from L 0 . As K is cyclic, this degree 4 extension of K 0 must contain some quadratic subextension which is contained in K (but which is not, of course, contained in L 0 ).
We will need the following proposition, which was proved by W. Proof. Let A be an abelian variety over K. Let σ denote a generator of Gal (K sep /K). Let K 0 be a Hilbertian subfield of K such that A is obtained by extension of scalars from an abelian variety A K 0 over K. We fix a prime q for which Corollary 2.2 applies, set n = 2q, and let L 0 be a finite Galois extension of K 0 such that a diagram of type (2) can be defined over L 0 .
We assume given a finite set S = {a 1 , . . . , a s } of points of A K 0 defined over subfields K 1 ⊂ . . . ⊂ K s of K which are finite extensions of K 0 . Our goal is to find a point a s+1
and therefore n s+1 = 0, so a s+1 is independent of the previous a i in A(K) ⊗ Q. Our goal, then, is to find a separable K s -subextension K s+1 of K which is of bounded degree over K s , a point a s+1 ∈ A K 0 (K s+1 ), and an automorphism τ ∈ Gal (K 
This follows from Corollary 3.2.
Spectra of automorphisms.
In this section, we prove Theorem 1.6. We begin by proving that σ is always diagonalizable and its eigenvalues are roots of unity: 
is an infinite dimensional Q-vector space. By construction, no proper subgroup of Z/nZ has any invariants on this space. It follows that it is a direct sum of spaces on which σ acts with all eigenvalues primitive nth roots of unity. As this is a rational representation, all eigenvalues occur with infinite multiplicity.
